Abstract: A vector radiative-transfer code has been developed that is able to accurately and efficiently calculate radiance and polarization scattered from Earth's limb. A primary application of this code will be towards generating weighting functions, based on calculated limb radiances, for the retrieval of trace gases (O 3 , NO 2 , BrO, OClO, and O 4 ) from the optical spectrograph and infrared imaging system (OSIRIS). OSIRIS is a UV-visible instrument on board the Odin satellite that measures limb-scattered light. This model solves the vector radiative-transfer equation using an iterative technique simultaneously in both plane-parallel and spherical-shell atmospheres. OSIRIS simulated limb radiance and polarization and OSIRIS weighting functions are presented along with a discussion of the numerical solution parameters, model intercomparisons and timings, and necessary model improvements. Overall agreement with other models was found to be very good and model speed is comparable to a fast finite-difference code. A set of OSIRIS reference atmospheres have been compiled for use with radiative-transfer models. Each of the 216 atmospheres (18 latitudes × 12 months) include profiles of air, pressure, temperature, ozone, NO 2 , BrO, and stratospheric aerosols. PACS Nos.: 42.68-w, 94.10Gb
Introduction
Satellite measurements of near-UV to near-IR solar radiation have been used for many years to provide global information on the trace composition of the atmosphere. These instruments generally measure either scattered sunlight in the nadir direction [1] or direct sunlight via solar occultation [2] . Until recently, the use of sunlight scattered from the limb of the Earth was generally avoided due to the complexity of the inversion process. The optical spectrograph and infrared imaging system (OSIRIS) [3, 4] will be the first satellite instrument to make measurements of limb-scattered sunlight with others, such as SCIAMACHY (scanning imaging absorption spectrometer for atmospheric chartography) [5] , to follow.
OSIRIS, a Canadian instrument, was launched on the Swedish Odin satellite in February 2001. Odin was inserted into a circular, Sun-synchronous, near-terminator orbit at an altitude of approximately 600 km [4] . The optical sensor of OSIRIS measures scattered sunlight from Earth's limb over a range of tangent heights from 280-450 nm at 1 nm resolution and from 450-800 nm at 2 nm resolution. Inversion of OSIRIS radiances will yield vertical profiles of important atmospheric constituents between 10 and 70 km including aerosols, O 3 , O 4 , NO 2 , BrO, and OClO. These measurements will enable studies of polar and midlatitude ozone loss, stratospheric-tropospheric exchange, as well as other processes in the middle atmosphere that relate to anthropogenic impacts on the Earth's atmosphere [4] .
Retrieval of these constituents will require a forward radiative-transfer model capable of accurately calculating the radiation field. The forward model is used to generate the weighting functions used in the inversions and also to simulate OSIRIS measurements to test the retrieval algorithms [6, 7] . There are a great many radiative-transfer codes described in the literature; however, the vast majority of them either ignore polarization and (or) obtain a solution appropriate only for a plane-parallel (PP) atmosphere. For many applications, calculations using PP geometry is adequate. However, for solar zenith angles (SZAs) larger than about 75 • the attenuation of the direct solar beam is overestimated in a PP atmosphere. Similar problems arise in the calculation of scattered light within about 10 • of the limb. Further, the concept of tangent height is not applicable as any down-looking angle must intercept the entire atmosphere below it (as well as the surface). Given OSIRIS' limb-viewing nature, it is critical to account for the curvature of the Earth in forward modelling. The Odin orbit is such that the angle between the OSIRIS line-of-sight and the Sun is usually close to 90 • . This implies the measured radiances will be largely polarized and hence polarization effects such as the grating efficiency are potentially important [8] . Few models currently exist that calculate polarization while allowing for the sphericity of the Earth, and most of these use the computationally expensive Monte Carlo solution method, see, for example, refs. 9 and 10. One exception is that of Herman et al. [11] . This paper describes a vector radiative-transfer model that incorporates these key features without incurring the computational overhead required by most other models. A new source-function scaling method designed to further speed up the model by as much as a factor of 20 is also outlined.
Vector radiative-transfer model
It is convenient to describe the atmospheric radiation field, including polarization, using the Stokes vector
©2002 NRC Canada where I is the Stokes vector, a 4 × 1 column matrix, often written as the transpose of a row matrix for convenience ([ ] T denotes transpose). Each component has units of radiant intensity, or radiance (e.g., µW cm −2 nm −1 sr −1 ). The first component, I , describes the total (polarized and unpolarized) radiance. If polarization is neglected, the Stokes vector reduces to a single element: I (the so-called scalar approximation). The second component, Q, is the radiance linearly polarized in the direction parallel or perpendicular to a reference plane. The third, U , is the radiance linearly polarized in the direction 45 • to a reference plane, and the fourth, V , is the radiance circularly polarized. This reference plane is taken to be the meridian plane, or the plane defined by the direction of propagation and the vertical. Previous studies have determined that the exclusion of polarization can lead to errors in radiance as large as 10% for pure-Rayleigh atmospheres [12] .
The basic quantities that are used to describe the optical properties of the atmospheric medium are
• σ e , σ s , and σ a : The extinction, scattering, and absorption cross sections, expressed in units of area and are related by σ e = σ s + σ a . These are the macroscopic optical properties of the atmospheric medium.
• k e (z), k s (z), and k a (z): The extinction, scattering, and absorption coefficient profiles expressed as functions of altitude, z, and having units of inverse length. Each is related to its cross-section analogue by k (e,s,a) = n(z)σ (e,s,a) (so that k e = k s + k a ) and where n(z) is the number-density profile. For an atmosphere that consists of N l different types of molecules and aerosols, the total extinction coefficient is
•ω: the single-scattering albedo defined as
that represents the fraction of radiation scattered to the total removed. For conservative scattering, ω = 1, and for pure absorption,ω = 0.
• τ : vertical optical depth. It is defined as
so that at the top of the atmosphere, τ = 0, and it increases with decreasing altitude with the total optical depth of the atmosphere defined as τ 1 . It is convenient to use τ in lieu of z as the vertical co-ordinate.
Solution in a plane-parallel atmosphere
The equation that governs the transfer of solar radiation in an absorbing and scattering atmosphere is called the vector radiative-transfer equation (VRTE). It can be derived based solely on heuristic arguments [13] or from the Boltzmann transport equation for photons [14] and its solution results in a description of the radiation field, or Stokes vector, at each point in the atmosphere.
The VRTE is initially solved in a one-dimensional planar, or plane-parallel (PP), atmosphere in which all atmospheric quantities, including the radiation field, are invariant in the x-and y-directions. It is natural to describe the directional dependence of the Stokes vector in terms of spherical polar co-ordinates: a zenith angle, θ, and an azimuthal angle, φ. In a PP atmosphere, the monochromatic VRTE has the form [15] 
where µ = cos θ (by convention +µ represents upward propagating radiance streams and −µ downward propagating) and J (τ ; µ, φ) is the source-function vector for a scattering atmosphere. Physically, the source-function vector represents scattering into the radiance stream propagating in direction (µ, φ) from all other directions and can be expressed as, (6) where
T is the unpolarized extra-terrestrial solar flux vector incident in the direction defined by (−µ o , φ o ) and Z is the phase matrix. The phase matrix is a 4 ×4 linear transformation matrix that relates the scattered Stokes vector to the incident Stokes vector (see Appendix A). The first term on the right in (6) represents the multiple-scattered radiation and the second term on the right represents the single-scattered radiation. The only allowance made for the sphericity of the Earth at this point is in the calculation of the attenuated solar flux and τ s is used to represent the slant optical depth along the direction of the direct solar beam. Note that I in (5) and (6) describes the diffuse, or scattered, field only. The direct, or unscattered, component must be added separately. There are many techniques available to solve (5), each with its own advantages and drawbacks. A survey of some of the more common ones can be found in Hansen and Travis [15] . The method used herein is the successive orders of scattering technique. This is an iterative technique in which the Stokes vector is calculated for photons scattered once, twice, three times, etc., with the total Stokes vector obtained as the sum over all orders [15] . This method offers the advantage of being physically intuitive and easily adaptable to a spherical-shell (SS) geometry. A main drawback of this method is that for optically-thick atmospheres the number of scattering orders required for convergence becomes prohibitive. However, as only optically thin, cloud-free atmospheres are considered, this presents no problems.
It is convenient to first expand out the azimuthal dependence of the Stokes vector and phase matrix using a Fourier series, such that,
where m is the harmonic index and M is the highest harmonic used in the expansion. Substituting (7) and (8) into (5) and making use of the orthogonality property of sines and cosines, a series of 2M + 1 azimuthally-independent VRTEs are arrived at
where m = 1, 2, . . . , M. The second equality in each equation simply defines the even-and odd-sourcefunction vectors that will be used below. Each of the 2M + 1 expansion coefficients are solved using the successive orders of the scattering solution technique [15] . The formal solution to the VRTE is obtained by integrating (9)-(11) from τ to τ . The upward and downward Stokes vector streams of scattering order n for Fourier coefficient m are given by
where n ≥ 1. The superscript (c, s)m is a shorthand used to denote either the even, cm, or odd, sm, coefficients. Note that µ ≥ 0 in the PP solution (likewise, −µ ≤ 0). The source-function vector of order n + 1 is calculated based on the Stokes vectors of order n
The zero-order Stokes vector is
that gives rise to the single-scattering source-function vector when equation (16) is substituted into (14) and (15) . The total Stokes vector is the sum over all orders
In practice, the summation in (17) is truncated once some convergence criterion is met, as discussed below. Once all the required Fourier coefficients are known, the azimuthally-dependent Stokes vector is reconstructed using (7) . Integration over µ is performed using Gaussian quadrature where the µ j 's are determined by the zeros of an even Legendre polynomial [16] . The vertical grid is divided up into N i layers in altitude space where the lowest layer is bounded by levels i = 1 and i = 2 and the top layer by i = N i and i = N i + 1. The source-function vector elements are taken as varying linearly through a layer that gives, based on (12) and (13), (19) where
(20)
are linear interpolating coefficients and
represents the slant optical depth through a layer between levels i and i + 1 and k e,i ≡ k e (z i ).
For each scattering order, the solution begins at the top of the atmosphere using (19) to calculate the downward Stokes vector at i = N i . The solution is propagated down to the surface where the surface-reflected Stokes vector is calculated (see below). The upward Stokes vectors are then calculated using (18) in an analogous manner.
Boundary conditions
The two boundary conditions that must be specified are the inward-source Stokes vectors at the bottom and top of the atmosphere. From the near-UV to the near-IR, there is no diffuse source at the top of the atmosphere so
At the bottom, a diffuse source arises from reflection by the surface. The reflected Stokes vector is a function of the downward Stokes vector incident upon the surface
where R is a 4 × 4 reflection matrix relating each reflected Stokes vector component to each incident Stokes vector component. Also, Q R Q (where Q is a diagonal matrix of elements [1, 1, −1, 1]), must be used instead of simply R in (23) to account for the change in symmetry when the atmosphere is illuminated from the bottom [17] . In practice, however, it is very difficult to determine all matrix elements of R though either theoretical or experimental methods. The situation is further complicated as most real surfaces are heterogeneous and may even be a mixture of several completely different surface types over the spatial scale of interest. To make the solution tractable it is usually assumed that the surface is depolarizing so that all matrix elements other than R 11 are zero. A further approximation is to take the surface-reflected Stokes vector as isotropic and independent of the downward Stokes vector. In this case, the surface is said to be Lambertian and it is convenient to express the reflectivity of the surface in terms of a surface albedo, . The surface albedo represents the fraction of energy incident on a plane surface that is reflected back into the atmosphere
where E ↑ (τ 1 ) and E ↓ (τ 1 ) represent the up-welling and down-welling irradiance at the surface, respectively. Albedo may vary with wavelength or other parameters such as solar zenith angle or wind speed, depending on the type of surface it represents. For a Lambertian surface, the azimuthally-independent boundary conditions can be summarized by
©2002 NRC Canada (27) so that only the m = 0 term is nonzero (which necessarily means that all odd coefficients are zero). Note that E ↓ (τ 1 ) represents both the diffuse and the direct irradiance components while E ↓ dif (τ 1 ) is simply the diffuse component. As the direct component of irradiance is counted in the single-scattered Stokes vector, higher scattering orders possess only the diffuse component (of that particular scattering order).
OSIRIS line-of-sight
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Solution in a spherical shell atmosphere
While use of the PP solution for limb radiances will lead to large errors, a spherical-shell (SS) solution throughout the entire atmosphere will require a large increase in computer time. It is sufficient to solve for the internal radiation field in a PP atmosphere while simultaneously solving for the top of atmosphere limb radiances in a SS atmosphere.
A SS atmosphere is depicted in Fig. 1 and it can be seen that it introduces a number of complications over its PP counterpart [18] . The sphericity causes the local zenith angle, SZA, and change in azimuthal angle to vary along the line of sight (LOS). This means parallel paths between the same levels will have different (slant) optical depths. The SZA variation may be particularly important if the observation point and the tangent point are on opposite sides of the terminator. The specified SZA and change in azimuthal angle are that at the tangent point, now denoted as θ o,t and φ o,t . The local zenith angle is referenced to the observation point and is determined by the altitude of the model atmosphere top and the tangent height.
The first step in solving for the SS-limb Stokes vector is to reconstruct the azimuthal-dependent PP source-function vector at each point along the LOS at the appropriate local SZA and change in azimuthal angle, θ o, and φ o, . The subscript identifies a point along the LOS that intersects with the SS grid and ranges from = 1 at the observation point to N at the tangent point to 2N − 1 on the far side of the tangent point. The source-function vector, J = J (τ ; θ o, , φ o, ; θ , φ ), is reconstructed by summing over the source-function-vector Fourier-expansion coefficients defined in (9)- (11) (where θ is the the local zenith angle and φ is the local change in azimuthal angle; see Fig. 1 ). To allow for the LOS variation in SZA, multiple PP calculations are performed to obtain the source function at the proper SZA. The local SZA and change in azimuthal angle are calculated using
The Fourier expansion allows the LOS variation in φ to be handled analytically. Recalculation of the source-function vector at all 2N − 1 SZAs along the LOS would involve a large number of PP calculations. Instead, only a subset of all θ o, 's are used concentrating on those near 90 • and (or) those near the tangent point with quadratic interpolation in cos θ o, used to obtain J at intermediate values.
Likewise, the local zenith angle varies along the LOS from a maximum at the observation point, typically 100 • or so in an atmosphere which extents up to 100 km, to 90 • at the tangent point (by definition) to a minimum of about 80 • at the top of the atmosphere on the far side of the tangent point. A standard grid of cos θ = −0.18 to cos θ = 0.18 in increments of 0.01 is used with quadratic interpolation employed to obtain intermediate values.
The limb Stokes vector for a particular tangent height is found by simply integrating over the source-function vectors along the LOS using
where s , +1 is the physical pathlength between and + 1 (see Fig. 1 ). The definitions of α and β are analogous to (20) and (21) . The solution is initiated on the far side of the tangent point at = 2N using a boundary condition of I 2N −1 = [0 0 0 0] T . It proceeds down to the tangent point and then up to the observation point. The approximation involved in using a PP source has been assessed through comparisons using a source obtained for a SS atmosphere. For many different viewing geometries and wavelengths, differences never exceeded 0.8% and were more typically 0.1-0.3%. Regenerating the PP source-function vectors, even on the reduced SZA grid, may lead to significant increases in CPU requirements. The SZA variation can be accounted for in an approximate manner by initially calculating the source-function vector at a reference SZA and then scaling it for all points along the LOS by the ratio of their single-scattered source-function vectors. This scaling factor, γ , is applied to the α and β interpolating coefficients in (30) , where
Generally, θ o,t is taken as the reference SZA except when it is larger than 90 • , in which case 90 • is used. This approximation performs quite well with errors not exceeding 10%. For OSIRIS geometry ( φ o,t = 60-120 • ) it is typically within 0-5%, depending on viewing geometry, tangent height, and wavelength. The only exception to this is for large optical depths along the LOS (e.g., tangent heights below 20 km and wavelengths smaller than 315 nm) when the tangent point is very close to the terminator (θ o,t = 89.5-90.5 • ). The choice of regenerating the source function or the single-scattered scaling approximation will depend primarily on the accuracy required.
OSIRIS reference atmospheres and input data
Comprehensive testing of the OSIRIS retrieval algorithms requires atmospheres representative of different latitudes and seasons. Towards that end, a set of reference atmospheres have been compiled for ©2002 NRC Canada use in the forward RT models. In the current version, an individual atmosphere consists of a temperature profile and air, ozone, NO 2 , BrO, and stratospheric sulphate-aerosol number-density profiles. Each is on a 0.5, 1.0, or 2.0 km grid, as required, from 0-100 km. As this version does not include any atmospheres representative of perturbed or "ozone-hole" conditions, OClO is not included. Atmospheres are available at 18 latitudes (85 • S, 75 • S, ..., 85 • N) and for each month.
The ozone and temperature profiles are zonal, monthly-mean climatologies derived from sonde and satellite measurements [19, 20] . The profiles of NO 2 and BrO have been calculated using a photochemical box model [21, 22] . For these calculations, ozone, temperature, families (NO y , Cl y , and Br y ), and important long-lived species are specified according to either observed climatologies or tracer-tracer correlations. The box model is integrated to a near-steady state with the diurnal cycle fixed at mid month. Given the diurnal nature of NO 2 and BrO, profiles have been tabulated for high-sun, twilight, and diurnal-mean.
Background stratospheric sulphate-aerosol profiles are generated based on seasonal 1 µm extinction profiles [23] converted to number density using the Mie-scattering cross section for a log-normal size distribution with an effective radius (r eff ), or area-weighted mean radius, of 0.2 µm and an effective variance (v eff ) of 0.17. (The aerosol size distribution and parameters are defined in Hansen and Travis [15] .) Future versions will include atmospheres representative of perturbed (ozone-hole) conditions and volcanic aerosol conditions.
All input spectroscopic data, including an extra-terrestrial solar spectrum [24] and absorption cross sections of ozone [25] , NO 2 [26] , BrO [27] , OClO [28] , and O 4 (a short-lived O 2 -O 2 collision complex) [29] are mapped onto a user-defined wavelength grid. The Rayleigh-scattering cross section and the depolarization factor (used to account for the anisotropy of the molecular scatterers) are taken from Chance and Spurr [30] .
Values for the ozone and NO 2 cross section at three temperatures (202, 241, and 273 K) [25, 26] allow height-dependent cross sections to be used assuming a quadratic temperature dependence [31] of the form
where T o = 241 K and a and b are interpolation coefficients.
Simulation results

Limb radiance and polarization
This section presents calculations of OSIRIS simulated total radiance and linear polarization. Total radiance is simply the first element of the Stokes vector, I , and linear polarization is
Simulations are carried out using the OSIRIS reference atmosphere for May, 45 • N (using the twilight profile option), θ o,t = 80 • , φ o,t = 90 • , a surface albedo of 0.3, and the reduced [I Q U] T Stokes basis. Neglecting V is equivalent to assuming the circularly polarized radiance is zero, which is exact for pure-Rayleigh atmospheres and introduces errors less than 0.1% for the level of aerosols present in Earth's atmosphere. Radiances are shown in Fig. 2 as a function of wavelength (panel a) and tangent height (panels b and c). The most prominent feature of the radiances in Fig. 2a is the increase in radiance with decreasing tangent height. This is the result of the near-exponential increase in atmospheric density with decreasing altitude. This is not the case for spectral regions in which significant absorption by ozone occurs: below 320 nm in the Huggins bands and to a lesser extent between 550 and 650 nm in the Chappius bands for lower tangent heights. At each tangent height, the radiance falls off exponentially with increasing wavelength in the visible to near-IR due to the λ −4 dependence of the Rayleigh cross section. Examining radiance as a function of tangent height in the near-UV, from Fig. 2b , the tangent height at which the maximum radiance occurs decreases with increasing wavelength due to a rapidly decreasing ozone absorption cross section. In the visible, from Fig. 2c , radiance is observed to increase with decreasing tangent height at all wavelengths although at 350 and 400 nm there is sufficient scattering that the radiance peaks near 20 km.
Linear polarization is shown in Fig. 3 as a function of wavelength (panel a) and tangent height (panel b). From Fig. 3a , polarization rapidly decreases with wavelength between 280 and 350 nm due to an increasing importance of multiple scattering. In this region, as well as in the Chappius region, the structure follows that of the ozone absorption cross section and is driven by the variation in the relative importance of multiple scattering with absorption. Longward of 350 nm, the slow decrease in polarization with wavelength results from an increase in Mie scattering relative to Rayleigh. In a pure-Rayleigh atmosphere, the opposite would be observed: a gradual increase in polarization with wavelength due to a smaller contribution from multiple scattering. As a function of tangent height, from Fig. 3b , the polarization varies little between tangent heights of 30 to 70 km as the entire tangent path is above the bulk of the ozone and aerosols and all have roughly the same relative contributions from single and multiple scattering. Below this, multiple scattering and scattering by aerosols become more 
Limb weighting functions
An example of limb weighting functions are shown in Fig. 4 for NO 2 at 450 nm and ozone at 550 nm. These weighting functions are dimensionless and relate how an absorber vertical column density (cm −2 ) in a 2 km layer contribute to the overall slant column abundance (cm −2 ) for a given tangent height. A single-wavelength version is presented for simplicity; actual OSIRIS weighting functions will be calculated based on a range of wavelengths, typically that used for the spectral fitting [6, 7] .
Weighting functions are calculated by perturbing the absorber profile at a particular height and recalculating the limb radiances. The peak for a given tangent height typically occurs at the tangent altitude as this is the location of the largest path-length enhancement. The weighting functions are nonzero below the tangent point (unlike for occultation) owing to multiple scattering and surface reflection. The magnitude of the peaks are seen to decrease with decreasing tangent height. This is a result of a nearexponential increase in slant optical depth with decreasing tangent height, which makes it increasingly improbable for light scattered into the LOS at the tangent point to reach the observation point. For this reason, the 10 km tangent height NO 2 weighting functions peak near an altitude of 20 km.
A subsequent study will estimate the errors introduced by using the scalar approximation on limb radiance, weighting functions, and trace-gas retrievals.
Solution parameters
There exists some uncertainty as to the choice of the numerical parameters that arise in the discrete solution. Care must be taken in the selection of these parameters as they significantly influence the accuracy and computational efficiency of the code. These parameters include: the number of zenith angles, the number of Fourier-expansion coefficients, the number of scattering orders, and the number and spacing of the vertical levels. The criteria used for their selection are a maximum "error" of 0.01 in limb radiance and linear polarization relative to benchmark values. The maximum is taken over a range of wavelengths (300-800 nm), SZAs (0-93 • ), changes in azimuth (0-180 • ), and tangent heights (10-70 km). Errors in radiance and linear polarization are defined as,
where I o and LP o are benchmark values calculated using very tight numerical constraints. The number of zenith angle streams is determined by the order of the Legendre polynomial used to numerically integrate the the source-function vector coefficients (i.e., (14)- (15)). The number required for accurate integration is a function of the degree of anisotropy of the radiation field, which in turn is largely controlled by the phase matrix (and in particular the P 11 element). The Rayleigh P 11 element varies slowly with scattering angle and so few angles are required. The variation of the Mie P 11 element is heavily dependent on the aerosol size to wavelength ratio. The maximum and average errors in radiance and linear polarization were determined for 4 to 16 zenith angle Stokes vector streams per hemisphere, relative to a benchmark of 20, with the results plotted in Fig. 5a . These runs were performed using the background stratospheric sulphate-aerosol profile, as discussed above. Based on the 0.01 criteria, 14 zenith angle streams are required. The polarization is observed to be considerably less sensitive and maximum errors are about three times larger than the average. Larger aerosols would require more streams. For pure-Rayleigh scattering, 5 zenith angle streams are sufficient.
The number of Fourier-expansion terms required is controlled by the nature of the scatterer. For isotropic scatterers, which have only azimuthally-independent phase-matrix elements, only the m = 0 term is required for an exact series representation. The Rayleigh-scattering phase matrix contains terms up to 2(φ − φ ) and so only terms up to m = 2 are required. The number of terms necessary when including Mie scatterers is again dependent upon the nature of the scatterers and the size to wavelength ratio. Maximum values of m from 3 to 10 have been used and compared against a benchmark of 20 with the results shown in Fig. 5b . A 0.01 maximum error in radiance is reached at m = 8.
The number of scattering orders is handled by recognizing that at some point during the iterations the ratio of successive radiance orders becomes a constant. In this case all remaining orders can be added using a geometric series. Testing has revealed that an almost exact solution is obtained when performing calculations for four scattering orders. That is
and applies equally for Q, U , and V . Model levels are selected by specifying altitudes. Testing has determined that a grid spacing of 1 km near the tangent point is necessary for an accurate calculation. This is a consequence of the long path-length between the tangent grid point and the next layer, about 113 km for 1 km thick layers. As any simulation usually encompasses a range of tangent heights, a 1 km grid spacing is used throughout.
Model evaluation
Model accuracy
Comparisons were made with tabulated results of three models [32] [33] [34] for PP, homogeneous atmospheres, a summary of which is given in Table 1 . The atmospheres considered consisted entirely of either Rayleigh or Mie scatterers and the the total optical depth and single-scattering albedo were prescribed. The overall agreement was found to be very good with maximum errors of less than 0.5% for a simulation of the thick Venusian atmosphere and less than 0.1% for optical depths not exceeding unity. In general, the Mie atmospheres seem to have slightly better agreement than the Rayleigh atmospheres. This is believed to be because in the Mie atmospheres, the energy is distributed over a greater number Fig. 6 . Agreement is satisfactory with an average difference of about 0.5% without aerosols and about 1.3% with aerosols. Given this, together with a favourable comparison between LIMBTRAN and a three-dimensional backward Monte Carlo code [35, 36] , the present model is deemed able to accurately calculate limb radiances (for a horizontally homogeneous atmosphere).
Model timing
A summary of a model-timing study is presented in Table 2 in which the code was run on a Silicon Graphics SGI O200 4x MIPS R10000 processor. Using two OSIRIS-like geometries it was run for a pure-Rayleigh atmosphere at 51 wavelengths (300-800 nm) and calculated radiances at 31 tangent heights (10-70 km). A 1 km vertical grid (0-100 km), 5 zenith angles (per hemisphere), and Fourier coefficients up to m = 2 were used. For the first geometry (θ o,t = 80 • , φ o,t = 90 • ), the variation of the SZA along the LOS is small (about 0.1 • ) and so only a single PP calculation is required which took 26 s. For the second geometry (θ o,t = 90 • , φ o,t = 120 • ), the variation in SZA, about 10 • , is roughly the largest possible given the Odin orbit. Using 21 SZAs required 209 s, or 8 times that for the single SZA calculation. The source-function scaling technique is slightly slower than no SZA variation. The addition of polarization slowed the code down by a factor of 6. As polarization will be used only when examining polarization-related issues, this is not expected to pose a large problem.
Also shown in Table 2 are the timings for LIMBTRAN, which solves the RTE using a fast finitedifference scheme running on the same machine and for the same scenarios. While comparable, LIMB-TRAN is faster: 30% for one SZA and 60% for 21 SZAs.
More relevant are the timings for weighting-function calculations. Unfortunately, CPU time increases almost linearly with the number of perturbations, where one perturbation run is performed for 20 20 each tangent height in a limb scan. Thus, using 51 wavelengths and 31 tangent heights, roughly 10 min (for geometry that requires one PP calculation) to almost 2 h (for 20 PP calculations) of CPU time are required to generate one set of weighting functions. The benefits of using a single PP calculation (e.g., using the source-function scaling technique described above) become evident here. The addition of aerosols will further increase the CPU burden by a factor of 5-10. Reduction of the CPU overhead is a priority of future work.
Summary
This paper has presented a vector radiative-transfer model that is able to accurately calculate the polarized radiation field, including limb radiance and polarization, in a one-dimensional, inhomogeneous atmosphere. It employs the successive orders of scattering solution technique simultaneously in planeparallel and spherical-shell atmospheres. Comparisons carried out against other models indicated good overall agreement and the model timing is comparable (within 50%) of a fast finite-difference code.
Numerical parameters required for accurate calculations are as follows. With background stratospheric sulphates 14 zenith angles (per hemisphere), Fourier coefficients up to m = 8, and four orders of scattering (with remaining orders added through a geometric series) are required. In a pure-Rayleigh atmosphere, these requirements are reduced to 5 streams and m = 2.
A straightforward extension of the current version is planned that will allow for a varying atmosphere along the line of sight analogous to the SZA variation. This will permit a better assessment of how horizontal inhomogeneities may impact weighting functions and retrievals, for example, when OSIRIS is looking through the polar vortex. Raman scattering, via the Ring effect [37], can introduce small-scale structure into scattered-light spectra, which is comparable in magnitude to the absorption signatures of NO 2 and BrO. While an important effect, including a multiple-scattered Raman component is beyond the capability of current radiative-transfer models. Refraction of the direct solar beam and light traveling along the tangent path is currently being tested. Reducing the computational overhead of the weightingfunction calculations is a priority of future work. 
Appendix A: The phase matrix
Scattering by isotropic, homogeneous spheres can be described with a scattering matrix of the form
where is the scattering angle. This type of matrix is valid for Rayleigh scattering (where P 11 ( ) = (1 + cos 2 )/2; P 12 ( ) = −(1 − cos 2 )/2; P 33 ( ) = cos ; P 34 ( ) = 0) and Mie scattering. Mie scattering is the application of Maxwell's equations to an isotropic, homogeneous, dielectric sphere; it is equally applicable to spheres of all sizes and refractive indices, and for radiation at all wavelengths [38] and it is used to describe scattering by aerosols. The molecules that comprise air (N 2 and O 2 ) are diatomic and hence slightly anisotropic. This anisotropy can be accounted for by considering molecular scattering to be a combination of true-Rayleigh and isotropic scattering using a depolarization factor [13, 30] . The scattering angle, , can be expressed in terms of the direction of the incident radiation (µ , φ ) and direction of scattered radiation (µ, φ) through
The scattering matrix is defined relative to the plane of scattering, or the plane containing both the incident and scattered directions. However, the Stokes vector is defined with respect to the meridian plane, or the plane containing the direction of propagation and the vertical. Thus, I must first be transformed from the incident meridian plane to the plane of scattering so that the scattering calculations can be carried out, and then from the plane of scattering to the scattered meridian plane.
The Stokes vector can be rotated through an angle i (≥0) in the anticlockwise direction, when looking into the direction of propagation, by the rotation matrix where the sum is performed over all scatterers and Z l is the phase matrix for scatterer l.
When expanding the elements of Z, given in (A.5), in a Fourier series, many of the coefficients will be zero. Elements of Z can be classified as 
